Polytopes, Configurations and Symmetries – Bled 2019
In memory of Branko Grünbaum (1929 – 2018).
Branko Grünbaum was born in 1929 in Osijek, Croatia (which was then part of the Kingdom of Yugoslavia). He studied at the University of Zagreb, where his professors included
Stanko Bilinski (one of the people to the memory of whom he dedicated the last of his
four books [9]; see also the paper [10]). In 1949 he emigrated to Israel, where he earned a
Master’s degree in 1954 at the Hebrew University of Jerusalem, and completed his PhD in
1957 under the supervision of Aryeh Dvoretzky. Soon afterwards he moved to the United
States. He was appointed to a full professorship in 1966 at the University of Washington,
Seattle, and he remained there until he retired in 2001. He supervised 19 PhD students,
including Leah Wrenn Berman and Steve Wilson (two of the authors of the research papers
in this issue).
Branko Grünbaum authored over 250 papers, mostly in combinatorial, convex and discrete geometry. To give a full account of the phenomenal influence he had in the mathematical world, through his papers, books, lectures and professional and personal interactions,
would overwhelm the scope of an editorial like this. Instead, here we mention just a few
key points, some of which motivated the choice of topics in this issue of ADAM. Many
further details not touched upon here (including personal reminiscences) can be read in
the memorial article [17] in Ars Mathematica Contemporanea. The contribution by Moshe
Rosenfeld in this issue is also full of nice reminiscences of their friendship and work.
One of the earliest papers by Branko Grünbaum deals with common transversals [5],
attesting how far back went his interest in combinatorial geometry. A paper by Ted
Bisztriczky, Károly Böröczky and Károly J. Böröczky [P#3.12] represents this topic here.
Branko Grünbaum’s classic monograph Convex Polytopes (published for the first time
in 1967) is undoubtedly a milestone in the theory of convex polytopes, which has since
undergone massive development. The significance of this book is illustrated well by the
fact that Günter Ziegler published a paper on the occasion of the fiftieth anniversary of its
publication [18]. In fact it was also Ziegler who together with Volker Kaibel and Victor
Klee prepared a second edition [8], updating each chapter with numerous additions and
comments, which served to bridge the three and a half decades between the two editions.
In the meantime, the theory of abstract polytopes also began to take shape. In writing
two papers [6, 7], Branko Grünbaum became one of the pioneers of the theory of abstract
regular polytopes, as acknowledged in a chapter on the historical background of this topic
in the huge monograph by Peter McMullen and Egon Schulte [14]; see also the papers by
Andreas Dress [1, 2]. More recently, new combinatorial objects such as hypertopes and
maniplexes were spawned as further generalisations of abstract polytopes. In this issue,
papers by Gabe Cunningham [#P3.06], Antonio Montero and Asia Ivić Weiss [#P3.07],
and Daniel Pellicer and Steve Wilson [#P3.02], exemplify this development.
Branko Grünbaum’s wide interests extended also to other forms of highly symmetrical
geometric objects, and this led him to publish his monograph Tilings and Patterns, jointly
with Geoffrey Shephard [13]. This comprehensive work has attracted the attention of not
only mathematicians, but also crystallographers, chemists, physicists, architects and artists,
and has proved to be an amazing source of inspiration for anyone working with geometric
patterns.
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Branko Grünbaum’s legacy includes not only his numerous publications (and a huge
number of citations), but also several interesting geometric objects and constructions that
bear his name. We mention some of these explicitly, since they represent his interests as
well as many of the topics covered in this issue.
Polyhedra and their various symmetry properties were a constant source of attraction
and challenge for his ever-growing geometric imagination, even to an extent which led him
to joke about ‘otherhedra’ in the title of one of his papers [10]. Especially interesting to
him were the combinatorially regular polyhedra, which form polyhedral models for regular maps on surfaces of arbitrary topological genus, making them generalisations of the
Platonic solids.
While studying various vertex-transitive polyhedra (partly in collaboration with
Geoffrey Shephard), he discovered a regular polyhedron that proved to be a geometric
realisation of the famous regular map of Fricke and Klein. Later this polyhedron became
known as the Grünbaum polyhedron [3] – not to be confused with the polyhedra treated
in [1, 2]. Relevant papers in this issue are those by Gábor Gévay and Egon Schulte [#P3.04],
Jürgen Bokowski and Gábor Gévay [#P3.09], and Jürgen Bokowski [#P3.10]. Symmetry
also plays a role in a related topic, namely the theory of hypermaps, the subject of the paper
by Maria Elisa Fernandes and Claudio Alexandre Piedade [#P3.13].
Another interest of Branko Grünbaum has roots in the theory of regular maps, and in
particular, in the works of Felix Klein. In a joint paper [11], Branko Grünbaum and John
Rigby gave a geometric point-line realisation of an abstract configuration discovered by
Klein in the study of his famous quartic surface. The paper [11] may be considered as
the starting point of a renaissance in the investigation of geometric configurations, and the
configuration in question is now known as the Grünbaum–Rigby configuration. Branko
Grünbaum was not only the initiator but also a leading figure of the revival of this field of
research. Its rapid development quickly resulted in the publication of two monographs: one
by himself [9], and the other by Tomaž Pisanski and Brigitte Servatius [15].
In the latter, the authors introduced the term Grünbaum calculus, to describe a collection of ingenious constructions by which one can build new configurations from old ones.
It is impressive to see (for example) in the paper by Leah Wrenn Berman, Gábor Gévay and
Tomaž Pisanski [#P3.14], how these techniques are very useful in improving what is known
about the existence of certain geometric configurations. In other directions, the contributions by Jürgen Bokowski and Hendrik Van Maldeghem [#P3.08], William Kocay [#P3.15]
and Vito Napolitano [#P3.05] add further new aspects to the rapidly developing theory of
configurations, and in their paper on more general incidence structures [#P3.01], Natalia
Garcia-Colin and Dimitri Leemans declare how their research was inspired by the relevant
writings of Branko Grünbaum.
Branko Grünbaum’s unflagging interest in graphs (which arise in various contexts such
as combinatorics, geometry and group theory) may be seen in many of his papers. Even in
his third paper reviewed in Mathematical Reviews (now MathSciNet), namely [4], he used
graph theory to prove a conjecture of the Hungarian-born American mathematician Endre
Vázsonyi (who was a friend of Erdős from the days of their youth in Budapest). The Levi
graph (or incidence graph) of an incidence structure such as a configuration is a useful tool
for translating a problem from that context into the language of graphs [9, 15], and the term
Grünbaum graph introduced by Tomaž Pisanski and Thomas Tucker [16] is a tribute to
Branko Grünbaum’s influence. In this issue, his influence on graph theory is exemplified
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by the paper by Gareth Jones [#P3.03], which begins with a reference to the influential
paper [12] by Grünbaum and Shephard on edge-transitive planar graphs, while the paper
by Edward Dobson and Joy Morris [#P3.011] deals with Cayley graphs, the study of which
interweaves graph theory with group theory.
Finally, we make some comments about the inception of this issue of ADAM.
The 9th Slovenian International Conference on Graph Theory (also known as Bled’19)
was held in Bled, Slovenia, the week 23 – 29 June 2019, continuing a series of conferences
held every four years in Slovenia, and by tradition, mostly at Lake Bled. There were more
than 300 participants, including 11 plenary speakers, and a large number of others giving
talks that were organised into 17 invited special sessions. Topics of three of these special
sessions were closely related to Branko Grünbaum’s mathematical works:
• Configurations,
• Polytopes, and
• Symmetries of Graphs and Maps.
These sessions could be regarded as honours to Branko Grünbaum and his life’s work,
as are the papers accepted for this issue. Also we believed that The Art of Discrete and
Applied Mathematics (ADAM) is a highly appropriate venue for publishing this collection:
Branko Grünbaum was an enthusiastic supporter of the founding of both Ars Mathematica
Contemporanea (AMC) and ADAM, and was a member of the Advisory Board of both
journals. We are delighted to have been involved in helping to pay this tribute to him.
Marston Conder, Gábor Gévay, Asia Ivić Weiss
Guest Editors

Front row, left to right: Leah Wrenn Berman, Tomaž Pisanski and Branko Grünbaum. Back
row, left to right: Jürgen Bokowski and Marko Boben. Three of the people in this photo
(LWB, JB and TP) are authors of papers in this issue. (By courtesy of Tomaž Pisanski.)
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