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Abstract
All strongly regular graphs having at most 36 vertices have been enumerated. Hence,
the first open case is enumeration of the SRGs with parameters (37, 18, 8, 9). In this paper we show that there are exactly forty SRGs with parameters (37, 18, 8, 9) having nontrivial automorphisms. Comparing the constructed graphs with previously known SRGs
with these parameters we conclude that six of the SRGs with parameters (37, 18, 8, 9) constructed in this paper are new, and that up to isomorphism there are at least 6766 strongly
regular graphs with parameters (37, 18, 8, 9).
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Introduction

One of the main problems in the theory of strongly regular graphs (SRGs) is constructing
and classifying SRGs with given parameters. A frequently used method of constructing
combinatorial structures is a construction with a prescribed automorphism group using orbit matrices. While orbit matrices of block designs have been used for such a construction
of designs since 1980s, orbit matrices of strongly regular graphs have not been introduced
until 2011 (see [2]). Using orbit matrices we construct all strongly regular graphs with parameters (37, 18, 8, 9) having nontrivial automorphisms. In that way we have constructed
forty SRGs with parameters (37, 18, 8, 9), and six of them are new. Thereby we proved
that there are exactly forty SRGs with parameters (37, 18, 8, 9) having nontrivial automorphisms, and at least 6766 strongly regular graphs with these parameters.
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The paper is organized as follows: after a brief description of the terminology and some
background results in Section 2, in Section 3 we describe the concept of orbit matrices. In
Section 4 we apply the method of constructing SRGs using orbit matrices to construct all
strongly regular graphs with parameters (37, 18, 8, 9) having nontrivial automorphisms.
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Background and terminology

We assume that the reader is familiar with basic notions from the theory of finite groups.
For basic definitions and properties of strongly regular graphs we refer the reader to [3, 9,
14].
A graph is regular if all its vertices have the same valency. A simple regular graph
Γ = (V, E) is strongly regular with parameters (v, k, λ, µ) if it has |V| = v vertices,
valency k, and if any two adjacent vertices are together adjacent to λ vertices, while any
two nonadjacent vertices are together adjacent to µ vertices. A strongly regular graph
with parameters (v, k, λ, µ) is usually denoted by SRG(v, k, λ, µ). An automorphism of a
strongly regular graph Γ is a permutation of vertices of Γ, such that every two vertices are
adjacent if and only if their images are adjacent.
Let Γ1 = (V, E1 ) and Γ2 = (V, E2 ) be strongly regular graphs and G ≤ Aut(Γ1 ) ∩
Aut(Γ2 ). An isomorphism α : Γ1 → Γ2 is called a G-isomorphism if there exists an
automorphism τ : G → G such that for each x, y ∈ V and each g ∈ G the following holds:
(τ g).(αx) = αy ⇔ g.x = y.
Strongly regular graphs having at most 36 vertices have been enumerated, so SRGs
with parameters (37, 18, 8, 9) are the first open case that still have to be classified (see
[4]). It is known that there exists at least 6760 SRGs(37, 18, 8, 9), which are obtained
as the descendants of the 191 regular two-graphs on 38 vertices constructed in [11]. The
adjacency matrices of these 6760 SRGs(37, 18, 8, 9) can be found at [12]. In this paper
we classify SRGs(37, 18, 8, 9) having nontrivial automorphisms, showing that there are at
least 6766 strongly regular graphs with parameters (37, 18, 8, 9).

3

Orbit matrices of strongly regular graphs

Orbit matrices of block designs have been frequently used for construction of block designs,
see e.g. [6, 7, 8, 10]. In this section we describe the concept of orbit matrices of SRGs,
which is introduced in 2011 by Behbahani and Lam (see [2]).
Let Γ be a SRG(v, k, λ, µ) and A be its adjacency matrix. Suppose an automorphism
group G of Γ partitions the set of vertices V into b orbits O1 , . . . , Ob , with sizes n1 , . . . , nb ,
respectively. The orbits divide A into submatrices [Aij ], where Aij is the adjacency matrix
of vertices in Oi versus those in Oj . We define matrices C = [cij ] and R = [rij ], 1 ≤
i, j ≤ b, such that
cij = column sum of Aij ,
rij = row sum of Aij .
The matrix R is related to C by
rij ni = cij nj .
(3.1)
Since the adjacency matrix is symmetric, it follows that
R = CT .

(3.2)
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The matrix R is the row orbit matrix of the graph Γ with respect to G, and the matrix C is
the column orbit matrix of the graph Γ with respect to G.
Let us assume that a group G acts as an automorphism group of a SRG(v, k, λ, µ).
Behbahani and Lam showed that orbit matrices R = [rij ] and RT = C = [cij ] satisfy the
condition
b
X

cis rsj ns = δij (k − µ)nj + µni nj + (λ − µ)cij nj .

s=1

Since R = C T , it follows that
b
X
ns
s=1

and

nj

b
X
ns
s=1

cis cjs = δij (k − µ) + µni + (λ − µ)cij

(3.3)

rsi rsj = δij (k − µ) + µni + (λ − µ)rji .

nj

In order to enable a construction of SRGs with a presumed automorphism group G,
each matrix with the properties of an orbit matrix will be called an orbit matrix for parameters (v, k, λ, µ) and a group G (see [1]). Therefore, we introduce the following definition
of orbit matrices of strongly regular graphs (see [5]).
Definition 3.1. A (b × b)-matrix R = [rij ] with entries satisfying conditions:
b
X

rij =

j=1
b
X
ns
s=1

nj

b
X
ni
rij = k
n
i=1 j

rsi rsj = δij (k − µ) + µni + (λ − µ)rji

(3.4)

(3.5)

Pb
where 0 ≤ rij ≤ nj , 0 ≤ rii ≤ ni − 1 and i=1 ni = v, is called a row orbit matrix
for a strongly regular graph with parameters (v, k, λ, µ) and the orbit lengths distribution
(n1 , . . . , nb ).
Definition 3.2. A (b × b)-matrix C = [cij ] with entries satisfying conditions:
b
X

b
X
ns
s=1

nj

b
X
nj

cij = k

(3.6)

cis cjs = δij (k − µ) + µni + (λ − µ)cij

(3.7)

i=1

cij =

j=1

ni

Pb
where 0 ≤ cij ≤ ni , 0 ≤ cii ≤ ni − 1 and i=1 ni = v, is called a column orbit matrix
for a strongly regular graph with parameters (v, k, λ, µ) and the orbit lengths distribution
(n1 , . . . , nb ).
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Not every orbit matrix gives rise to strongly regular graphs while, on the other hand,
a single orbit matrix may produce several nonisomorphic strongly regular graphs. For the
elimination of orbit matrices that produce G-isomorphic strongly regular graphs we use
the same method as for the elimination of orbit matrices of G-isomorphic designs (see for
example [7]). We could use row or column orbit matrices, but since we construct matrices
row by row, it is more convenient for us to use column orbit matrices.
3.1

Orbit lengths distribution

Suppose an automorphism group G of the graph Γ partitions the set of vertices V into b
orbits O1 , . . . , Ob , with sizes n1 , . . . , nb , respectively. It is well known that ni divides |G|,
for i = 1, . . . , b. Further,
b
X
ni = v.
i=1

In this paper we will be interested in groups that act in orbits having at most two lengths,
since we will consider automorphism groups of prime order. If the group G acts with d1
orbits of length 1 and dh orbits of length h, we will denote this distribution with (d1 ×
1, dh × h). When determining the orbit lengths distributions we use the following result
that can be found in [1].
Theorem 3.3. Let s < r < k be the eigenvalues of a SRG(v, k, λ, µ), then
φ≤

max(λ, µ)
v,
k−r

where φ is the number of fixed points for a nontrivial automorphism.
In the case of SRGs with parameters (37, 18, 8, 9) we obtain that φ ≤ 20, so to find all
feasible orbit length distributions (d1 × 1, dh × h) we need to solve the system
d1 + h · dh = 37
d1 ≤ 20.

4

Classification of SRGs with parameters (37, 18, 8, 9) having nontrivial automorphisms

It is known that there exists at least 6760 SRGs with parameters (37, 18, 8, 9) (see [11]).
Spence [12] listed adjacency matrices of all of them. In Table 1 we give information on
orders of the full automorphism groups of these 6760 SRGs(37, 18, 8, 9). The graph having the full automorphism group of order 666 is the Paley graph obtained from the field
GF (37), having the full automorphism group isomorphic to Z37 : Z18 (see [14]).

In this section we give the classification of strongly regular graphs with parameters
(37, 18, 8, 9) having nontrivial automorphisms. We show that there are exactly 6 strongly
regular graphs with parameters (37, 18, 8, 9) having an automorphism group of order two,
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Table 1: Orders of the full automorphism groups of the known SRGs(37, 18, 8, 9)
|Aut(Γi )|
1
2
3
9
18
666

#SRGs
6726
3
24
4
2
1

all of them isomorphic to the graphs given at [12]. Further, we show that there are exactly
37 strongly regular graphs with parameters (37, 18, 8, 9) having an automorphism group of
order three, 6 of them nonisomorphic to any of the graphs listed at [12]. Finally we show
that there is no SRG(37, 18, 8, 9) having an automorphism group Zp , where p is prime and
3 < p < 37, and that there is exactly one SRG(37, 18, 8, 9) having the automorphism of
order 37 (the Paley graph with 37 vertices). Comparing the constructed SRGs with the
SRGs given at [12], we establish that six of the strongly regular graphs having a nontrivial
automorphism group of prime order constructed in this paper have not been previously
known.
In order to construct orbit matrices of SRGs with parameters (37, 18, 8, 9) that have
automorphism of prime order p, we first find all permissible distibutions (d1 × 1, dp × p).
Then for each distribution we find all prototypes (see [1]). Using prototypes we construct
orbit matrices row by row and we eliminate mutually G-isomorphic orbit matrices during
this process. In the next step we construct adjacency matrices of SRGs(37, 18, 8, 9).

Table 2: Number of orbit matrices and SRGs(37, 18, 8, 9) for the automorphism group Z2
distribution
(1 × 1, 18 × 2)
(3 × 1, 17 × 2)
(5 × 1, 16 × 2)
(7 × 1, 15 × 2)
(9 × 1, 14 × 2)

4.1

#OM
24
0
6
0
0

#SRGs
6
0
0
0
0

distribution
(11 × 1, 13 × 2)
(13 × 1, 12 × 2)
(15 × 1, 11 × 2)
(17 × 1, 10 × 2)
(19 × 1, 9 × 2)

#OM
0
0
0
0
0

#SRGs
0
0
0
0
0

SRGs with parameters (37, 18, 8, 9) having an automorphism group of order
two

Using the program Mathematica we get all the possible orbit lengths distribution that satisfy Theorem 3.3, and using our own programs written in GAP [13] we construct all orbit matrices for the given orbit lengths distributions. In Table 2 we present the number
of mutually nonisomorphic orbit matrices for Z2 for each orbit lengths distribution. In
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the next step we obtain the adjacency matrices of strongly regular graphs with parameters (37, 18, 8, 9). Finally, we check isomorphisms of strongly regular graphs using GAP.
Thereby we prove Theorem 4.1. The number of the constructed nonisomorphic SRGs with
parameters (37, 18, 8, 9) are presented in Table 2. Orders of the full automorphism groups
of these SRGs, also determined by using GAP, are shown in Table 3.

Table 3: SRGs with parameters (37, 18, 8, 9) that have automorphisms of order 2
|Aut(Γi )|
2
18
666

#SRGs
3
2
1

Theorem 4.1. Up to isomorphism there exists exactly 6 strongly regular graphs with parameters (37, 18, 8, 9) having an automorphism group of order 2.
4.2

SRGs with parameters (37, 18, 8, 9) having an automorphism group of order
three

Using the program Mathematica we get all the possible orbit lengths distribution that satisfy Theorem 3.3, and using our own programs written in GAP [13] we construct all
orbit matrices for given orbit lengths distributions. In Table 4 we present the number
of mutually nonisomorphic orbit matrices for Z3 for each orbit lengths distribution. In
the next step we obtain the adjacency matrices of strongly regular graphs with parameters (37, 18, 8, 9). Finally, we check isomorphisms of strongly regular graphs using GAP.
Thereby we prove Theorem 4.2. The number of the constructed nonisomorphic SRGs with
parameters (37, 18, 8, 9) are presented in Table 4. Orders of the full automorphism groups
of these SRGs are presented in Table 5.

Table 4: Number of orbit matrices and SRGs(37, 18, 8, 9) for the automorphism group Z3
distribution
(1 × 1, 12 × 3)
(4 × 1, 11 × 3)
(7 × 1, 10 × 3)
(10 × 1, 9 × 3)

#OM
18
0
0
0

#SRGs
37
0
0
0

distribution
(13 × 1, 8 × 3)
(16 × 1, 7 × 3)
(19 × 1, 6 × 3)

#OM
0
0
0

#SRGs
0
0
0

Theorem 4.2. Up to isomorphism there exists exactly 37 strongly regular graphs with
parameters (37, 18, 8, 9) having an automorphism group of order 3.
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Table 5: SRGs with parameters (37, 18, 8, 9) that have automorphisms of order 3
|Aut(Γi )|
3
9
18
666

4.3

#SRGs
30
4
2
1

SRGs (37, 18, 8, 9) for Zp , where p is a prime and 3 < p ≤ 37

We show that there is no orbit matrix for Zp , where p is a prime and 3 < p < 37. The results
are presented in Table 6. Hence, there is no SRG(37, 18, 8, 9) having an automorphism
group isomorphic to Zp , where p is a prime and 3 < p < 37. Furher, there is exactly one
SRG(37, 18, 8, 9) admitting an automorphism group isomorphic to Z37 , namely the Paley
graph with 37 vertices having the full automorphism group isomorphic to Z37 : Z18 .

Table 6: Possible distributions for Zp , p a prime and 3 < p < 37
distribution
(2 × 1, 7 × 5)
(7 × 1, 6 × 5)
(12 × 1, 5 × 5)
(17 × 1, 4 × 5)
(2 × 1, 5 × 7)
(9 × 1, 4 × 7)
(16 × 1, 3 × 7)
(4 × 1, 3 × 11)

#OM
0
0
0
0
0
0
0
0

distribution
(15 × 1, 2 × 11)
(11 × 1, 2 × 13)
(3 × 1, 2 × 17)
(20 × 1, 1 × 17)
(18 × 1, 1 × 19)
(14 × 1, 1 × 23)
(8 × 1, 1 × 29)
(6 × 1, 1 × 31)

#OM
0
0
0
0
0
0
0
0

We summarize the presented information in Theorem 4.3.
Theorem 4.3. Up to isomorphism there exists at least 6766 strongly regular graphs with
parameters (37, 18, 8, 9). These are exactly forty SRGs(37, 18, 8, 9) having nontrivial automorphisms, and at least 6726 SRGs(37, 18, 8, 9) having the full automorphism group of
order one.
The adjacency matrices of the six newly constructed SRGs can be found at the link:
http://www.math.uniri.hr/˜mmaksimovic/srg37.txt.
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[7] D. Crnković and S. Rukavina, Construction of block designs admitting an abelian automorphism group, Metrika 62 (2005), 175–183, doi:10.1007/s00184-005-0407-y.
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